Let N be a hyperbolic manifold without parabolics and freely indecomposable fundamental group G. We show that the limit set of the universal cover of N is locally connected by constructing a natural Cannon-Thurston map from the (Gromov) boundary of G to the limit set of G (regarded as a Kleinian group). In particular, we show that the limit set of any closed surface Kleinian group is locally connected, thus giving a complete answer to a question (conjecture) raised by Cannon and Thurston, partial solutions of which have been given by Cannon and Thurston, Minsky, Klarreich and the author.
Introduction

Statement of Results
This is the fourth in a series of papers (after [27] , [7] and [8] ) dealing with Cannon-Thurston maps and local connectivity of limit sets of Kleinian groups. Several questions and conjectures have been made in this context by different authors:
•1 In Section 6 of [10] , Cannon and Thurston raise the following problem: Question: Suppose a closed surface group π 1 (S) acts freely and properly discontinuously on H 3 by isometries. Does the inclusionĩ : S → H 3 extend continuously to the boundary?
The authors of [10] point out that for a simply degenerate group, this is equivalent to asking if the limit set is locally connected.
•2 In [21] , McMullen makes the following more general conjecture: Conjecture: For any hyperbolic 3-manifold N with finitely generated fundamental group, there exists a continuous, π 1 (N )-equivariant map
where the boundary ∂π 1 (N ) is constructed by scaling the metric on the Cayley graph of π 1 (N ) by the conformal factor of d(e, x) −2 , then taking the metric completion. (cf. Floyd [13] ) •3 The author raised the following question in his thesis [25] (see also [1] ): Let G be a hyperbolic group in the sense of Gromov acting freely and properly discontinuously by isometries on a hyperbolic metric space X. Does the inclusion of the Cayley graph i : Γ G → X extend continuously to the (Gromov) compactifications? A similar question may be asked for relatively hyperbolic groups (in the sense of Gromov [15] and Farb [12] ).
The question for relatively hyperbolic groups unifies all the above questions and conjectures.
The main theorem of this paper (stated below) gives a complete answer to Cannon and Thurston's question, which is the crucial test-case: Theorem 7.3 : Let ρ : π 1 (S) → P SL 2 (C) be a faithful representation of a closed surface group without accidental parabolics. Let M = H 3 /ρ(π 1 (S)). Let i be an embedding of S in M that induces a homotopy equivalence. Then the embeddingĩ : S → M = H 3 extends continuously to a mapî : D 2 → D 3 . Further, the limit set of ρ(π 1 (S)) is locally connected.
In fact our methods prove the following considerably stronger result by combining the techniques of this paper with those of [27] and [7] (the first and second papers of the present series of papers). This is a partial affirmation of McMullen's conjecture above.
Theorem 8.1 : Let Γ be a freely indecomposable Kleinian group, such that H 3 /Γ = M has no parabolics. Then there exists a continuous map from the Gromov boundary of Γ (regarded as an abstract group) to the limit set of Γ in S 2 ∞ . Hence the limit set of Γ is locally connected. The main new idea introduced in this paper is the notion of amalgamation geometry, which is, in a sense, a notion dual to the notion of i-bounded geometry (introduced in [8] , the third paper in the present series). The main technical theorem of this paper is the following: Theorem 6.5 : Let M be a 3 manifold homeomorphic to S × J (for J = [0, ∞) or (−∞, ∞)). Further suppose that M has amalgamated geometry, where S 0 ⊂ B 0 is the lower horizontal surface of the building block B 0 . Then the inclusion i : S → M extends continuously to a mapî : S → M . Hence the limit set of S is locally connected.
We hope to generalise this to general hyperbolic metric metric spaces (in the sense of Gromov) along the lines of [27] , giving partial positive answers to Question 3 above.
In Section 4.3 of [27] , the first paper of the present series, we showed that Cannon-Thurston maps exist for 3 manifolds of bounded geometry without parabolics and freely indecomposable fundamental group.
In the second paper of the present series [7] , we extended this to include parabolics and proved the existence of Cannon-Thurston maps for all 3 manifolds of bounded geometry whose cores are incompressible away from cusps.
In [8] , (the third paper in the series) we extended the results of [7] to manifolds of i-bounded geometry) and gave a proof of the Cannon-Thurston property for model geometries of i-bounded geometry, thus including the geometry of punctured torii (see Minsky [23] and McMullen [21] ).
In this paper, the fourth in the series, we introduce a new notion -that of amalgamation geometry, which is enough to include the geometry of closed surface Kleinian groups via the model constructed by Minsky [24] and Brock, Canary and Minsky [9] .
History and Present State of the Problem
The first major result that started this entire program was Cannon and Thurston's result [10] for hyperbolic 3-manifolds fibering over the circle with fiber a closed surface group.
This was generalised by Minsky who proved the Cannon-Thurston result for bounded geometry Kleinian closed surface groups [22] .
An alternate approach (purely in terms of coarse geometry ignoring all local information) was given by the author in [27] (the first paper in the present series) generalising the results of both Cannon-Thurston and Minsky. We proved the Cannon-Thurston result for hyperbolic 3-manifolds of bounded geometry without parabolics and with freely indecomposable fundamental group. A different approach was given by Klarreich [18] .
Bowditch [4] [5] proved the Cannon-Thurston result for punctured surface Kleinian groups of bounded geometry. The second paper of the present series [7] gave an alternate proof of Bowditch's results and simultaneously generalised the results of Cannon-Thurston, Minsky, Bowditch, and those of [27] to all 3 manifolds of bounded geometry whose cores are incompressible away from cusps. The proof has the advantage that it reduces to a proof for manifolds wothout parabolics when the 3 manifold in question has freely indecomposable fundamental group.
McMullen [21] proved the Cannon-Thurston result for punctured torus groups, using Minsky's model for these groups [23] . In [8] we identified a large-scale coarse geometric structure involved in Minsky's model (and called it i-bounded geometry). We gave a proof for models of i-bounded geometry. In combination with the methods of [7] this was enough to bring under the same umbrella all known results on Cannon-Thurston maps for 3 manifolds that are incompressible away from cusps. In particular, when (M, P ) is the pair S ×I, δS ×I, for S a punctured torus or four-holed sphere, we gave an alternate proof of McMullen's result [21] .
In this paper, we introduce the notion of amalgamation geometry which is, in a sense, dual to that of i-bounded geometry. We prove the CannonThurston result for models of amalgamation geometry. Using Minsky's model for closed surface Kleinian groups (used in the resolution of the Ending Lamination Conjecture [24] ) we show that all closed surface Kleinian groups without parabolics have amalgamation geometry. This allows us to conclude the Cannon-Thurston theorem for all closed surface Kleinian groups without parabolics. In fact, our techniques are strong enough to prove the result for hyperbolic 3-manifolds without parabolics and with freely indecomposable funadmental group.
What's Left?
The two following cases are still open:
1. General punctured surface groups, or, more generally, general pared manifolds whose boundary is incompressible away from cusps. A generalisation of the main results of this paper to punctured surface groups of amalgamation geometry would, very likely, solve this problem.
2. 3-manifolds whose compact core has compressible boundary. The simplest case of this is bounded geometry without parabolics. This has been solved by Miyachi [28] Many of the techniques of this paper go through for punctured surface Kleinian groups without punctures. This is the subject of ongoing work [6] .
Our approach to this problem seems quite in keeping with the scheme of the proof of the Ending Lamination Conjecture, due to Minsky with major contributions by Masur, Brock and Canary [22] , [23] , [19] , [20] , [24] , [9] . The first step was to prove the ELC for bounded geometry [22] , then the punctured torus [23] , and finally the general case [24] [9] . The paper [8] completed the second stage, and the present paper the final stage of the proof for closed surafce groups.
Since the proof of the Ending Lamination Conjecture for the punctured torus groups can be likened to the first inductive step (and the case of bounded geometry to the zeroth inductive step) in the proof of the full Ending Lamination Conjecture, it seems quite natural that a proof of the corresponding conjecture (see for instance McMullen [21] , or the author's thesis [25] , [1]) for Cannon-Thurston maps and local connectivity of limit sets should follow a similar scheme. Our approach to this problem in [27] and [7] can similarly be thought of as the zeroth inductive step, [8] as the first inductive step and the present paper as the general (or final) inductive step.
Note however that the proof of our main technical Theorem 6.5 is completely independent of the proof of the Ending Lamination Conjecture. It is when we want to say that certain 3-manifolds have amalgamation geometry (e.g. closed surface groups) that we use Minsky's [24] constructions and model.
Cannon-Thurston Maps and amalgamation geometry
Let S be a hyperbolic surface of finite area and let ρ(π 1 (S)) = H ⊂ P Sl 2 (C) = Isom ( H 3 ) be a representation, such that the quotient hyperbolic 3-manifold M = H 3 /H is simply degenerate. Let S and M denote the universal covers of S and M respectively. Then S and M can be identified with H 2 and H 3 respectively. There exists a natural inclusion i :
∞ denote the standard compactifications. The local connectivity of the limit set of S is equivalent to the existence of a continuous extension (a Cannon-Thurston map)î :
However, for general (not necessarily surface) Kleinian groups, the existence of a Cannon-Thurston map and local connectivity of an isomorphic geometrically finite Kleinian group implies local connectivity of the limit set.
Outline of the paper
A brief outline of the paper follows. Section 2 deals with preliminaries. We also define amalgamation geometry via the construction of a model manifold.
Section 3 deals with relative hyperbolicity a la Gromov [15] , Farb [12] and Bowditch [3] .
As in [26] , [27] , [7] , [8] , a crucial part of our proof proceeds by constructing a ladder-like set B λ ⊂ M from a geodesic segment λ ⊂ S and then a retraction Π λ of M onto B λ .
In Section 4, we construct a model geometry for the universal covers of building blocks and the relevant geometries (electric and graph models) that will concern us. We also construct the paths that go to build up the ladder-like set B λ . We further construct the restriction of the retraction Π λ to this block and show that it does not increase distances much.
In Section 5, we put the blocks and retractions together (by adding them one on top of another) to build the ladder-like B λ and prove the main technical theorem -the existence of of a retract Π λ of M onto B λ . This shows that B λ is quasiconvex in M equipped with a model pseudometric.
In Section 6, we put together the ingredients from Sections 2, 3, 4 and 5 to prove the existence of a Cannon-Thurston map for simply or doubly degenerate Kleinian groups corresponding to representations of closed surface groups that have amalgamation geometry.
In Section 7, we give a (very) brief outline of the tools used by Minsky in [24] and prove that the model constructed in [24] satisfies the amalgamation geometry condition. This allows us to prove the Cannon-Thurston result for all closed surface Kleinian groups without parabolics.
In Section 8, we further generalise this result to include all freely indecomposable Kleinian groups without parabolics.
Preliminaries
Hyperbolic Metric Spaces
We start off with some preliminaries about hyperbolic metric spaces in the sense of Gromov [15] . For details, see [11] , [14] . Let (X, d) be a hyperbolic metric space. The Gromov boundary of X, denoted by ∂X, is the collection of equivalence classes of geodesic rays r : [0, ∞) → Γ with r(0) = x 0 for some fixed x 0 ∈ X, where rays r 1 and r 2 are equivalent if sup{d(r 1 (t), r 2 (t))} < ∞. Let X=X ∪ ∂X denote the natural compactification of X topologized the usual way(cf. [14] pg. 124).
Definitions: A subset Z of X is said to be k-quasiconvex if any geodesic joining points of Z lies in a k-neighborhood of Z. A subset Z is quasiconvex if it is k-quasiconvex for some k. (For simply connected real hyperbolic manifolds this is equivalent to saying that the convex hull of the set Z lies in a bounded neighborhood of Z. We shall have occasion to use this alternate characterisation.) A map f from one metric space
If f is a quasi-isometric embedding, and every point of Z lies at a uniformly bounded distance from some f (y) then f is said to be a quasi-isometry. A (K, ǫ)-quasi-isometric embedding that is a quasi-isometry will be called a
Let (X, d X ) be a hyperbolic metric space and Y be a subspace that is hyperbolic with the inherited path metric d Y . By adjoining the Gromov boundaries ∂X and ∂Y to X and Y , one obtains their compactifications X and Y respectively.
Let i : Y → X denote inclusion. Definition: Let X and Y be hyperbolic metric spaces and i : Y → X be an embedding. A Cannon-Thurston mapî from Y to X is a continuous extension of i.
The following lemma (Lemma 2.1 of [26] ) says that a Cannon-Thurston map exists if for all M > 0 and y ∈ Y , there exists N > 0 such that if λ lies outside an N ball around y in Y then any geodesic in X joining the end-points of λ lies outside the M ball around i(y) in X. For convenience of use later on, we state this somewhat differently. The above result can be interpreted as saying that a Cannon-Thurston map exists if the space of geodesic segments in Y embeds properly in the space of geodesic segments in X.
Amalgamation Geometry
We start with a hyperbolic surface S without punctures. The hyperbolic structure is arbitrary, but it is important that a choice be made.
The Amalgamated Building Block
For the construction of an amalgamated block B, I will denote the closed interval [0, 3] . We will describe a geometry on S × I. B has a geometric core K with bounded geometry boundary and a preferred geodesic γ(= γ B ) of bounded length.
There will exist ǫ 0 , ǫ 1 , D (independent of the block B) such that the following hold:
1. B is identified with S × I 2. B has a geometric core K identified with S × [1, 2]. ( K, in its intrinsic path metric, may be thought of, for convenience, as a convex hyperbolic manifold with boundary consisting of pleated surfaces. But we will have occasion to use geometries that are only quasi-isometric to such geometries when lifted to universal covers. As of now, we do not impose any further restriction on the geometry of K. ) 3. γ is homotopic to a simple closed curve on S × {i} for any i ∈ I 4. γ is small, i.e. the length of γ is bounded above by ǫ 0 5. The intrinsic metric on S × i (for i = 1, 2) has bounded geometry, i.e. any closed geodesic on S × {i} has length bounded below by ǫ 1 . Further, the diameter of S × {i} is bounded above by D. (The latter restriction would have followed naturally had we assumed that the curvature of S × {i} is hyperbolic or at least pinched negative.)
6. There exists a regular neighborhood N k (γ) ⊂ K of γ which is homeomorphic to a solid torus, such that N k (γ)∩ S × {i} is homeomorphic to an open annulus for i = 1, 2. We shall have occasion to denote N k (γ) by T γ and call it the Margulis tube corresponding to γ. 2] are given the product structures corresponding to the bounded geometry structures on S×{i}, for i = 1, 2 respectively.
We next describe the geometry of the geometric core K. K − T γ has one or two components according as γ does not or does separate S. These components shall be called amalgamation components of
The union of such a lift K 1 along with the lifts T γ that bound it will be called an amalgamation component of K.
Note that two amalgamation components of K, if they intersect, shall do so along a lift T γ of T γ . In this case, they shall be referred to as adjacent amalgamation components.
In addition to the above structure of B, we require in addition that there exists C > 0 (independent of B) such that • Each amalgamation component of K is C-quasiconvex in the intrinsic metric on K. Note 1: Quasiconvexity of an amalgamation component follows from the fact that any geometric subgroup of infinite index in a surface group is quasiconvex in the latter. The restriction above is therefore to ensure uniform quasiconvexity. We shall strengthen this restriction further when we describe the geometry of M , where M is a 3-manifold built up of blocks of amalgamation geometry and those of bounded geometry by gluing them end to end. We shall require that each amalgamation component is uniformly quasiconvex in M rather than just in K. Note 2: So far, the restrictions on K are quite mild. There are really two restrictions. One is the existence of a bounded length simple closed geodesic whose regular neighborhood intersects the bounding surfaces of K in annulii. The second restriction is that the two boundary surfaces of K have bounded geometry.
The copy of S × I thus obtained, with the restrictions above, will be called a building block of amalgamated geometry or an amalgamation geometry building block, or simply an amalgamation block.
Thick Block
Fix constants D, ǫ and let µ = [p, q] be an ǫ-thick Teichmuller geodesic of length less than D. µ is ǫ-thick means that for any x ∈ µ and any closed geodesic η in the hyperbolic surface S x over x, the length of η is greater than ǫ. Now let B denote the universal curve over µ reparametrized such that the length of µ is covered in unit time.
B is given the path metric and is called a thick building block. Note that after acting by an element of the mapping class group, we might as well assume that µ lies in some given compact region of Teichmuller space. This is because the marking on S × {0} is not important, but rather its position relative to S ×{1} Further, since we shall be constructing models only upto quasi-isometry, we might as well assume that S × {0} and S × {1} lie in the orbit under the mapping class group of some fixed base surface. Hence µ can be further simplified to be a Teichmuller geodesic joining a pair (p, q) amongst a finite set of points in the orbit of a fixed hyperbolic surface S.
The Model Manifold
Note that the boundary of an amalgamation block B i consists of S × {0, 3} and the intrinsic path metric on each such S × {0} or S × {3} is of bounded geometry. Also, the boundary of a thick block B consists of S ×{0, 1}, where S 0 , S 1 lie in some given bounded region of Teichmuller space. The intrinsic path metrics on each such S × {0} or S × {1} is the path metric on S.
The model manifold of amalgamation geometry is obtained from S×J (where J is a sub-interval of R, which may be semi-infinite or bi-infinite. In the former case, we choose the usual normalisation J = [0, ∞) ) by first choosing a sequence of blocks B i (thick or amalgamated) and corresponding intervals I i = [0, 1] or [0, 3] according as B i is thick or amalgamated. The metric on S × I i is then declared to be that on the building block B i . Implicitly, we are requiring that the surfaces along which gluing occurs have the same metric. Thus we have,
, is said to be a model of amalgamation geometry if 1. there is a fiber preserving homeomorphism from M to S × J that lifts to a quasi-isometry of universal covers 
, is said to have amalgamated geometry if there exists K, ǫ > 0 such that the universal cover M is K, ǫ quasi-isometric to a model manifold of amalgamated geometry.
Further, a geometrically tame hyperbolic 3-manifold is said to have amalgamated geometry if each end has amalgamated geometry.
Note: We shall later have occasion to introduce a different model, called the graph model
Relative Hyperbolicity
In this section, we shall recall first certain notions of relative hyperbolicity due to Farb [12] , Klarreich [18] and the author [8] . Using these, we shall derive certain Lemmas that will be useful in studying the geometry of the universal covers of building blocks.
Electric Geometry
We start with a surface S (assumed hyperbolic for the time being) of (K, ǫ) bounded geometry, i.e. S has diameter bounded by K and injectivity radius bounded below by ǫ. Let σ be a simple closed geodesic on S. Replace σ by a copy of σ × [0, 1], by cutting open along σ and gluing in a copy of
(This is like 'grafting' but we shall not have much use for this similarity in this paper.) Let S G denote the grafted surface. S G − A σ has one or two components according as σ does not or does separate S. Call these amalgamation component(s) of S We shall denote amalgamation components as S A . We construct a pseudometric on S G , by declaring the metric on each amalgamation component to be zero and to be the product metric on A σ . Thus we define:
• the length of any path that lies in the interior of an amalgamation component to be zero • the length of any path that lies in A σ to be its (Euclidean) length in the path metric on A σ • the length of any other path to be the sum of lengths of pieces of the above two kinds.
This allows us to define distances by taking the infimum of lengths of paths joining pairs of points and gives us a path pseudometric, which we call the electric metric on S G . The electric metric also allows us to define geodesics. Let us call S G equipped with the above pseudometric (S Gel , d Gel ) (to be distinguished from a 'dual' construction of an electric metric S el used in [8] , where the geodesic σ, rather than its complementary component(s) is electrocuted.) Important Note: We may and shall regard S as a graph of groups with vertex group(s) the subgroup(s) corresponding to amalgamation component(s) and edge group Z, the fundamental group of A σ . Then S equipped with the lift of the above pseudometric is quasi-isometric to the tree corresponding to the splitting on which π 1 (S) acts.
We shall be interested in the universal cover S Gel of S Gel . Paths in S Gel and S Gel will be called electric paths (following Farb [12] ). Geodesics and quasigeodesics in the electric metric will be called electric geodesics and electric quasigeodesics respectively.
Definitions: • γ is said to be an electric K, ǫ-quasigeodesic in S Gel without backtracking if γ is an electric K-quasigeodesic in S Gel and γ does not return to any any lift S A ⊂ S Gel (of an amalgamation component S A ⊂ S) after leaving it.
We collect together certain facts about the electric metric that Farb proves in [12] . N R (Z) will denote the R-neighborhood about the subset Z in the hyperbolic metric. N e R (Z) will denote the R-neighborhood about the subset Z in the electric metric.
Lemma 3.1 (Lemma 4.5 and Proposition 4.6 of [12])
1. Electric quasi-geodesics electrically track hyperbolic geodesics: Given P > 0, there exists K > 0 with the following property: For some S Gel , let β be any electric P -quasigeodesic without backtracking from x to y, and let γ be the hyperbolic geodesic from x to y. Then β ⊂ N e K (γ).
Hyperbolicity:
There exists δ such that each S Gel is δ-hyperbolic, independent of the curve σ whose lifts are electrocuted.
Note: As pointed out before, S Gel is quasi-isometric to a tree and is therefore hyperbolic. The above assertion holds in far greater generality than stated. We discuss this below.
We consider a hyperbolic metric space X and a collection H of (uniformly) C-quasiconvex uniformly separated subsets, i.e. there exists D > 0 such that for
In this situation X is hyperbolic relative to the collection H. The result in this form is due to Klarreich [18] . We give the general version of Farb's theorem below and refer to [12] and Klarreich [18] for proofs. [12] and Theorem 5.3 of Klarreich [18] ) Given δ, C, D there exists ∆ such that if X is a δ-hyperbolic metric space with a collection H of C-quasiconvex D-separated sets. then, 1. Electric quasi-geodesics electrically track hyperbolic geodesics: Given P > 0, there exists K > 0 with the following property: Let β be any electric P -quasigeodesic from x to y, and let γ be the hyperbolic geodesic from x to y. Then β ⊂ N e K (γ).
γ lies in a hyperbolic
, where N 0 (β) denotes the zero neighborhood of β in the electric metric.
Hyperbolicity: X is ∆-hyperbolic.
A special kind of geodesic without backtracking will be necessary for universal covers S Gel of surfaces with some electric metric. Let σ, A σ be as before.
Let λ e be an electric geodesic in some ( S Gel , d Gel ). Then, each segment of λ e between two lifts A σ of A σ (i.e. lying inside a lift of an amalgamation component) is required to be perpendicular to the bounding geodesics. We shall refer to these segments of λ e as amalgamation segments because they lie inside lifts of the amalgamation components.
Let a, b be the points at which λ e enters and leaves a lift A σ of A σ . If a, b lie on the same side, i.e. on a lift of either σ × {0} or σ × {1}, then we join a, b by the geodesic joining them. If they lie on opposite sides of A σ , then assume, for convenience, that a lies on a lift of σ × {0} and b lies on a lift of σ × {1}. Then we join a to b by a union of 2 geodesic segments The union of the amalgamation segments along with the interpolating segments gives rise to a preferred representative of a quasigeodesic without backtracking joining the end-points of λ Gel . Such a representative of the class of λ Gel shall be called the canonical representative of λ Gel . Further, the underlying set of the canonical representative in the hyperbolic metric shall be called the electro-ambient representative λ q of λ e . Since λ q turns out to be a hyperbolic quasigeodesic (Lemma 3.4 below), we shall also call it an electro-ambient quasigeodesic. See ( and thus obtain a geodesic that is a lift of σ), then λ Gel becomes an electric geodesic λ el in the universal cover S el of S el . Here S el denotes the space obtained by electrocuting the geodesic σ (See Section 3.1 of [8] .
Let c : S G → S be the map that collapses I-fibres, i.e. it maps the annulus A σ = σ×I to the geodesic σ by taking (x, t) to x. The liftc : S G → S collapses each lift of A σ along the I(= [0, 1])-fibres to a geodesic that is a lift of σ). Also it takes λ Gel to an electric geodesic λ el in the universal cover S el of S el (that λ el is an electric geodesic in S el follows easily, say from normal forms). These were precisely the electro-ambient quasigeodesics in the space S e l (See Section 3.1 of [8] for definitions).
Remark: The electro-ambient geodesics in the sense of [8] and those in the present paper differ slightly. The difference is due to the grafting annulus A σ that we use here in place of σ. What is interesting is that whether we electrocute σ (to obtain S el ) or its complementary components (to obtain S Gel ), we obtain very nearly the same electro-ambient geodesics. In fact modulo c, they are the same.
We now recall a Lemma from [8] :
Sincec is clearly a quasi-isometry, it follows easily that:
In the above form, electro-ambient quasigeodesics are considered only in the context of surfaces, closed geodesics on them and their complementary (amalgamation) components. A considerable generalisation of this was obtained in [8] , which will be necessary while considering the global geometry of M (rather than the geometry of B, for an amalgamated building block B).
We recall a definition from [8] :
Definitions: Given a collection H of C-quasiconvex, D-separated sets and a number ǫ we shall say that a geodesic (resp. quasigeodesic) γ is a geodesic (resp. quasigeodesic) without backtracking with respect to ǫ neighborhoods if γ does not return to N ǫ (H) after leaving it, for any H ∈ H. A geodesic (resp. quasigeodesic) γ is a geodesic (resp. quasigeodesic) without backtracking if it is a geodesic (resp. quasigeodesic) without backtracking with respect to ǫ neighborhoods for some ǫ ≥ 0.
Note: For strictly convex sets, ǫ = 0 suffices, whereas for convex sets any ǫ > 0 is enough.
Let
In [8] we noted that β q need not be a hyperbolic quasigeodesic. However, we did adapt Proposition 4.3 of Klarreich [18] to obtain the following: 
Note:
The above Lemma will be needed while considering geodesics in M .
Electric isometries
Recall that S G is a grafted surface obtained from a (fixed) hyperbolic metric by grafting an annulus A σ in place of a geodesic σ. Now let φ be any diffeomorphism of S G that fixes A σ pointwise and (in case (S G − A σ ) has two components) preserves each amalgamation component as a set, i.e. φ sends each amalgamation component to itself. Such a φ will be called a component preserving diffeomorphism. Then in the electrocuted surface S Gel , any electric geodesic has length equal to the number of times it crosses A σ . It follows that φ is an isometry of S Gel . (See Lemma 3.12 of [8] for an analogous result in S el .) We state this below. Lemma 3.6 Let φ denote a component preserving diffeomorphism of S G . Then φ induces an isometry of (S Gel , d Gel ).
Everything in the above can be lifted to the universal cover S Gel . We let φ denote the lift of φ to S Gel . This gives Lemma 3.7 Let φ denote a lift of a component preserving diffeomorphism φ to ( S Gel , d Gel ). Then φ induces an isometry of ( S Gel , d Gel ).
Nearest-point Projections
We need the following basic lemmas from [27] and [8] .
The following Lemma says nearest point projections in a δ-hyperbolic metric space do not increase distances much. The next lemma says that quasi-isometries and nearest-point projections on hyperbolic metric spaces 'almost commute'. 
for some constant C 4 depending only on K, ǫ and δ.
For our purposes we shall need the above Lemma for quasi-isometries from S a to S b for two different hyperbolic structures on the same surface. We shall also need it for electrocuted surfaces.
Yet another property that we shall require for nearest point projections is that nearest point projections in the electric metric and in the 'almost hyperbolic' metric (coming as a lift of the metric on S G ) almost agree. Note that π e is not well-defined. It is defined upto a bounded amount of discrepancy in the electric metric d e . But we would like to make π e welldefined upto a bounded amount of discrepancy in the metric d.
Definition:
The proof of the following Lemma shows that this gives us a definition of π e which is ambiguous by a finite amount of discrepancy not only in the electric metric but also in the hyperbolic metric. Proof: This Lemma is similar to Lemma 3.16 of [8] , but its proof is somewhat different. For the purposes of this lemma we shall refer to the metric on S G as the hyperbolic metric whereas it is in fact only quasiisometric to it.
[u, v] and [u, v] q will denote respectively the hyperbolic geodesic and the electro-ambient quasigeodesic joining u, v. Since [u, v] q is a quasigeodesic by Lemma 3.3, it suffices to show that for any y, its hyperbolic and electric projections π h (y), π e (y) almost agree.
First note that any hyperbolic geodesic η in S G is also an electric geodesic. This follows from the fact that ( S G , d Gel ) maps to a tree T (arising from the splitting along σ) with the pullback of every vertex a set of diameter zero in the pseudometric d Gel . Now if a path in S G projects to a path in T that is not a geodesic, then it must backtrack. Hence, it must leave an amalgamating component and return to it. Such a path can clearly not be a hyperbolic geodesic in S G (since each amalgamating component is convex).
Next, it follows that hyperbolic projections automatically minimise electric distances. Else as in the preceding paragraph, [y, π h (y)] would have to cut a lift of σ = σ 1 that separates [u, v] q . Further, [y, π h (y)] cannot return to σ 1 after leaving it. Let z be the first point at which [y, π h (y)] meets σ 1 . Also let w be the point on [u, v] q ∩ σ 1 that is nearest to z. Since amalgamation segments of [u, v] q meeting σ 1 are perpendicular to the latter, it follows that d(w, z) < d(w, π h (y)) and therefore d(y, z) < d(y, π h (y)) contradicting the definition of π h (y). Hence hyperbolic projections automatically minimise electric distances. We shall now build a graph model for B which will be quasi-isometric to an electrocuted version of the original model, where amalgamation components of the geometric core K are electrocuted.
S × {0} and S × {3} are equipped with hyperbolic metrics. S × {1} and S × {2} are grafted surfaces with electric metric obtained by electrocuting the amalgamation components. This constructs 4 'sheets' of S comprising the 'horizontal skeleton' of the 'graph model' of B. Now for the vertical strands. On each vertical element of the form x × [0, 1] and x × [2, 3] put the Euclidean metric.
To do this precisely, one needs to take a bit more care and perform the construction in the universal cover. This construction is very closely related to the 'coning' construction introduced by Farb in [12] .
The resulting copy of B will be called the graph model of an amalgamation block.
Next, we give an I-bundle structure to K that preserves the grafting annulus. Thus A σ × [1, 2] has a structure of a Margulis tube. Let φ denote a map from S × {1} to S × {2} mapping (x, 1) to (x, 2). Clearly there is a bound l B on the length in K of x × [1, 2] as x ranges over S × {1}. That is to say that the core K has a bounded thickness. This bound depends on the block B we are considering.
Letφ denote the lift of φ to K Thenφ is a (k, ǫ)-quasi-isometry where k, ǫ depend on the block B. Here S × {0} is identified with the hyperbolic surface corresponding to a, S × {1} is identified with the hyperbolic surface corresponding to b and each (x, a) is joined to (x, b) by a segment of length 1.
Thick Block
The resulting model of B is called a graph model of a thick block.
Admissible Paths
Admissible paths consist of the following :
1. Horizontal segments along some S × {i} for i = {0, 1, 2, 3} (amalgamated blocks) or i = {0, 1} (thick blocks). 3. Vertical segments of length ≤ l B joining x × {1} to x × {2} for amalgamated blocks.
Construction of Quasiconvex Sets for Building Blocks
In the next section, we will construct a set B λ containing λ and a retraction Π λ of M onto it. Π λ will have the property that it does not stretch distances much. This will show that B λ is quasi-isometrically embedded in M .
In this subsection, we describe the construction of B λ restricted to a building block B.
Construction of B λ (B) -Thick Block
Let the thick block be the universal curve over a Teichmuller geodesic [α, β]. Let S α denote the hyperbolic surface over α and S β denote the hyperbolic surface over β.
First, let λ = [a, b] be a geodesic segment in S. Let λ B0 denote λ × {0}. Next, let ψ be the lift of the 'identity' map from S α to S β . . Let Ψ denote the induced map on geodesics and let Ψ(λ) denote the hyperbolic geodesic joining ψ(a), ψ(b). Let λ B1 denote Ψ(λ) × {1}.
For the universal cover B of the thick block B, define:
Definition: Each S × i for i = 0, 1 will be called a horizontal sheet of B when B is a thick block.
Construction of B λ (B) -Amalgamation Block
Next, let λ Gel denote the electric geodesic joining a, b in the electric pseudo-metric on S obtained by electrocuting lifts of σ. Let λ B1 denote λ Gel × {1}.
Third, recall thatφ is the lift of a component preserving diffeomorphism φ to S equipped with the electric metric d Gel . LetΦ denote the induced map on geodesics, i.
Fourthly, let Φ(λ) denote the hyperbolic geodesic joining φ(a), φ(b). Let λ B3 denote Φ(λ) × {3}.
For the universal cover B of the thin block B, define:
Definition: Each S × i for i = 0 · · · 3 will be called a horizontal sheet of B when B is a thick block.
Construction of Π λ,B -Thick Block
On S × {0}, let Π B0 denote nearest point projection onto λ B0 in the path metric on S × {0}.
On S × {1}, let Π B1 denote nearest point projection onto λ B1 in the path metric on S × {1}.
Construction of Π λ,B -Amalgamation Block
On S × {0}, let Π B0 denote nearest point projection onto λ B0 . Here the nearest point projection is taken in the path metric on S × {0} which is a hyperbolic metric space.
On S × {1}, let Π B1 denote the nearest point projection onto λ B1 . Here the nearest point projection is taken in the sense of the definition preceding Lemma 3.10, i.e. minimising the ordered pair (d Gel , d hyp ) (where d Gel , d hyp refer to electric and hyperbolic metrics respectively.)
On S × {2}, let Π B2 denote the nearest point projection onto λ B2 . Here, again the nearest point projection is taken in the sense of the definition preceding Lemma 3.10.
Again, on S × {3}, let Π B3 denote nearest point projection onto λ B3 . Here the nearest point projection is taken in the path metric on S × {3} which is a hyperbolic metric space.
The proof for a thick block is exactly as in [27] and [8] . We omit it here. Proof: It is enough to show this for the following cases:
1. x, y ∈ S × {0} OR x, y ∈ S × {3}.
2. x = (p, 0) and y = (p, 1) for some p 3. x, y both lie in the geometric core K 4. x = (p, 2) and y = (p, 3) for some p. 
Case 3: This follows from the fact that K in the graph model with the electric metric is essentially the tree coming from the splitting. Further, by the properties of π e , each amalgamation component projects down to a set of diameter zero. Hence
Choosing C as the maximum of these constants, we are through. We start with a reference block B 0 and a reference geodesic segment λ = λ 0 on the 'lower surface' S × {0}. Now inductively define:
Recall that each S × i for i = 0 · · · m is called a horizontal sheet of B, where m = 1 or 3 according as B is thick or amalgamated. We will restrict our attention to the union of the horizontal sheets M H of M with the metric induced from the graph model.
Clearly, B λ ⊂ M H ⊂ M , and Π λ is defined from M H to B λ . Since M H is a 'coarse net' in M (equipped with the graph model metric), we will be able to get all the coarse information we need by restricting ourselves to M H . By Lemmas 4.1 and 4.2, we obtain the fact that each Π iλ is a retract. Hence assembling all these retracts together, we have the following basic theorem: Note 1 For Theorem 5.1 above, note that all that we really require is that the universal cover S be a hyperbolic metric space. There is no restriction on M H . In fact, Theorem 5.1 would hold for general stacks of hyperbolic metric spaces with blocks of amalgamated geometry.
Note 2: M H has been given built up out of graph models of thick and amalgamated blocks and have sheets that are electrocuted.
Heights of Blocks
Recall that each geometric core K ⊂ B is identified with S × I where each fibre {x} × I has length ≤ l K for some l K , called the thickness of the block B. If K ⊂ B i for one of the above blocks B i , we shall denote l K as l i .
Instead of considering all the horizontal sheets, we would now like to consider only the boundary horizontal sheets, i.e. for a thick block we consider S × {0, 1} and for a thin block we consider S × {0, 3}. The union of all boundary horizontal sheets will be denoted by M BH .
Observation 1: M BH is a 'coarse net' in M in the graph model, but not in the model of amalgamated geometry.
In the graph model, any point can be connected by a vertical segment of length ≤ 2 to one of the boundary horizontal sheets.
However, in the model of amalgamated geometry, there are points within amalgamation components which are at a distance of the order of l i from the boundary horizontal sheets. Since l i is arbitrary, M BH is no longer a 'coarse net' in M equipped with the model of amalgamated geometry.
Observation 2: M H is defined only in the graph model, but not in the model of amalgamated geometry.
Observation 3: The electric metric on the model of amalgamated geometry on M obtained by electrocuting amalgamation components is quasiisometric to the graph model of M .
Bounded Height of Thick Block
Let µ ⊂ S × {0} B i be a geodesic in a (thick or amalgamated) block. Then there exists a (K i , ǫ i )-quasi-isometry ψ i ( = φ i for thick blocks) from S × {0} to S × {1} and Ψ i is the induced map on geodesics. Hence, for any x ∈ µ, ψ i (x) lies within some bounded distance C i of Ψ i (µ). But x is Thus x can be connected to a point on x ′ ∈ Ψ i (µ) by a path of length less than g(i) = 2 + 2C ′ + l i . Recall that λ i is the geodesic on the lower horizontal surface of the block B i . The same can be done for blocks B i−1 and going down from λ i to λ i−1 . What we have thus shown is: Lemma 5.2 There exists a function g : Z → N such that for any block B i (resp. B i−1 ), and x ∈ λ i , there exists x ′ ∈ λ i+1 (resp. λ i−1 ) for i ≥ 0 (resp. i ≤ 0), satisfying:
6 Cannon-Thurston Maps for Surfaces Without Punctures
We shall assume till the end of this section that 1. there exists a hyperbolic manifold M and a homeomorphism from M to S × R. We identify M with S × R via this homeomorphism.
2. S × R admits a quasi-isometry g to a model manifold of amalgamated geometry 3. g preserves the fibers over Z ⊂ R
We shall henceforth ignore the quasi-isometry g and think of M itself as the universal cover of a model manifold of amalgamated geometry.
Admissible Paths
We want to define a collection of B λ -elementary admissible paths lying in a bounded neighborhood of B λ . B λ is not connected. Hence, it does not make much sense to speak of the path-metric on B λ . To remedy this we introduce a 'thickening' (cf. [16] ) of B λ which is path-connected and where the paths are controlled. A B λ -admissible path will be a composition of B λ -elementary admissible paths.
Recall that admissible paths in the graph model of bounded geometry consist of the following :
1. Horizontal segments along some S × {i} for i = {0, 1, 2, 3} (amalgamated blocks) or i = {0, 1} (thick blocks). , 3] for amalgamated blocks, where x ∈ S.
Vertical segments
3. Hyperbolic geodesic segments of length ≤ l B in K ⊂ B joining x × {1} to x × {2} for amalgamated blocks.
4. Vertical segments of length 1 joining x×{0} to x×{1} for thick blocks.
We shall choose a subclass of these admissible paths to define B λ -elementary admissible paths.
B λ -elementary admissible paths in the thick block
Let B = S × [i, i + 1] be a thick block, where each (x, i) is connected by a vertical segment of length 1 to (x, i + 1). Let φ be the map that takes (x, i) to (x, i + 1). Also Φ is the map on geodesics induced by φ. Let B λ ∩ B = λ i ∪ λ i+1 where λ i lies on S × {i} and λ i+1 lies on S × {i + 1}. π j , for j = i, i + 1 denote nearest-point projections of S × {j} onto λ j . Next, since φ is a quasi-isometry, there exists C > 0 such that for all (x, i) ∈ λ i , (x, i + 1) lies in a C-neighborhood of Φ(λ i ) = λ i+1 . The same holds for φ −1 and points in λ i+1 , where φ −1 denotes the quasi-isometric inverse of φ from S × {i + 1} to S × {i}. The B λ -elementary admissible paths in B consist of the following:
1. Horizontal geodesic subsegments of λ j , j = {i, i + 1}.
2. Vertical segments of length 1 joining x × {0} to x × {1}.
3. Horizontal geodesic segments lying in a C-neighborhood of λ j , j = i, i + 1.
B λ -elementary admissible paths in the amalgamated block Let B = S × [i, i + 3] be an amalgamated block, where each (x, i + 1) is connected by a geodesic segment of zero electric length and hyperbolic length ≤ C(B) (due to bounded thickness of B) to (φ(x), i + 2) (Here φ can be thought of as the map from S×{i+1} to . S×{i+2} that is the identity on the first component. Also Φ is the map on canonical representatives of electric geodesics induced by φ. Let B λ ∩ B = j=i···i+3 λ j where λ j lies on S × {j}. π j denotes nearest-point projection of S × {j} onto λ j (in the appropriate sense -hyperbolic for j = i, i + 3 and electric for j = i + 1, i + 2). Next, since φ is an electric isometry, but a hyperbolic quasi-isometry, there exists C > 0 (uniform constant) and K = K(B) such that for all (x, i) ∈ λ i , (φ(x), i + 1) lies in an (electric) C-neighborhood and a hyperbolic K-neighborhood of Φ(λ i+1 ) = λ i+2 . The same holds for φ −1 and points in λ i+2 , where φ −1 denotes the quasi-isometric inverse of φ from S × {i + 2} to S × {i + 1}.
Again, since λ i+1 and λ i+2 are electro-ambient quasigeodesics, we further note that there exists C > 0 (assuming the same C for convenience) such that for all (x, i) ∈ λ i , (x, i + 1) lies in a (hyperbolic) C-neighborhood of λ i+1 . Similarly for all (x, i + 2) ∈ λ i+2 , (x, i + 3) lies in a (hyperbolic) Cneighborhood of λ i+3 . The same holds if we go 'down' from λ i+1 to λ i or from λ i+3 to λ i+2 . The B λ -elementary admissible paths in B consist of the following:
1. Horizontal subsegments of λ j , j = {i, · · · i + 3}.
2. Vertical segments of length 1 joining x×{j} to x×{j+1}, for j = i, i+2.
3. Horizontal geodesic segments lying in a hyperbolic C-neighborhood of λ j , j = i, · · · i + 3.
4. Horizontal hyperbolic segments of electric length ≤ C and hyperbolic length ≤ K(B) joining points of the form (φ(x), i + 2) to a point on λ i+2 for (x, i + 1) ∈ λ i+1 .
5. Horizontal hyperbolic segments of electric length ≤ C and hyperbolic length ≤ K(B) joining points of the form (φ −1 (x), i + 1) to a point on λ i+1 for (x, i + 2) ∈ λ i+2 .
Definition: A B λ -admissible path is a union of B λ -elementary admissible paths.
The following lemma follows from the above definition and Lemma 5.2.
Lemma 6.1 There exists a function g : Z → N such that for any block B i , and x lying on a B λ -admissible path in B i , there exist y ∈ λ j and z ∈ λ k where λ j ⊂ B λ and λ k ⊂ B λ lie on the two boundary horizontal sheets, satisfying:
Let h(i) = Σ j=0···i g(j) be the sum of the values of g(j) as j ranges from 0 to i (with the assumption that increments are by +1 for i ≥ 0 and by −1 for i ≤ 0). Then we have from Lemma 6.1 above, Corollary 6.2 There exists a function h : Z → N such that for any block B i , and x lying on a B λ -admissible path in B i , there exist y ∈ λ 0 = λ such that:
Important Note: In the above Lemma 6.1 and Corollary 6.2, it is important to note that the distance d is hyperbolic, not electric. This is because the number l i occurring in elementary paths of type 5 and 6 is a hyperbolic length depending only on i (in B i ).
Next suppose that λ lies outside B N (p), the N -ball about a fixed reference point p on the boundary horizontal surface S × {0} ⊂ B 0 . Then by Corollary 6.2, any x lying on a B λ -admissible path in B i satisfies
Also, since the electric, and hence hyperbolic 'thickness' (the shortest distance between its boundary horizontal sheets) is ≥ 1, we get,
Assume for convenience that i ≥ 0 (a similar argument works, reversing signs for i < 0). Then, 
Joining the Dots
Recall that admissible paths in a model manifold of bounded geometry consist of:
1. Horizontal segments along some S ×{i} for i = {0, 1, 2, 3} (thin blocks) or i = {0, 1} (thick blocks). 3. Vertical segments of length ≤ l i joining x × {1} to x × {2} for amalgamated blocks.
Our strategy in this subsection is: •1 Start with an electric geodesic β e in M Gel joining the end-points of λ.
•2 Replace it by an admissible quasigeodesic, i.e. an admissible path that is a quasigeodesic.
•3 Project the intersection of the admissible quasigeodesic with the horizontal sheets onto B λ .
•4 The result of step 3 above is disconnected. Join the dots using B λ -admissible paths.
The end product is an electric quasigeodesic built up of B λ admissible paths.
Now for the first two steps: • Since B (for a thick block B) has thickness 1, any path lying in a thick block can be pertubed to an admissible path lying in B, changing the length by at most a bounded multiplicative factor.
• For B amalgamated, we decompose paths into horizontal paths lying in some S × {j}, for j = 0, · · · 3 and vertical paths of types (2) or (3) above. This can be done without altering electric length within S × [1, 2]. To see this, project any path ab beginning and ending on S × {1, 2} onto S × {1} along the fibres. To connect this to the starting and ending points a, b, we have to at most adjoin vertical segments through a, b. Note that this does not increase the electric length of ab, as the electric length is determined by the number of amalgamation blocks that ab traverses.
• For paths lying in S × [0, 1] or S × [2, 3], we can modify the path into an admissible path, changing lengths by a bounded multiplicative constant. The result is therefore an electric quasigeodesic.
• Without loss of generality, we can assume that the electric quasigeodesic is one without back-tracking (as this can be done without increasing the length of the geodesic -see [12] or [18] for instance).
• Abusing notation slightly, assume therefore that β e is an admissible electric quasigeodesic without backtracking joining the end-points of λ. This completes Steps •1 and •2.
• Now act on β e ∩ M H by Π λ . From Theorem 5.1, we conclude, by restricting Π λ to the horizontal sheets of M Gel that the image Π λ (β e ) is a 'dotted electric quasigeodesic' lying entirely on B λ . This completes step 3.
• Note that since β e consists of admissible segments, we can arrange so that two nearest points on β e ∩ M H which are not connected to each other form the end-points of a vertical segment of type (2), (3) or (4). Let Π λ (β e )∩B λ = β d , be the dotted quasigedoesic lying on B λ . We want to join the dots in β d converting it into a connected electric quasigeodesic built up of B λ -admissible paths.
• For vertical segments of type (4) joining p, q (say), Π λ (p), Π λ (q) are a bounded hyperbolic distance apart. Hence, by the proof of Lemma 4.1, we can join Π λ (p), Π λ (q) by a B λ -admissible path of length bounded by some C 0 (independent of B, λ).
• For vertical segments of type (2) joining p, q, we note that Π λ (p), Π λ (q) are a bounded hyperbolic distance apart. Hence, by the proof of Lemma 4.2, we can join Π λ (p), Π λ (q) by a B λ -admissible path of length bounded by some C 1 (independent of B, λ).
• This leaves us to deal with case (3). Such a segment consists of a segment lying within a lift of an amalgamation block. Such a piece has electric length one in the graph model. Its image, too, has electric length one (See for instance, Case (3) of the proof of Lemma 4.2, where we noted that the projection of any amalgamation component lies within an amalgamation component).
After joining the dots, we can assume further that the quasigeodesic thus obtained does not backtrack (cf [12] and [18] ).
Putting all this together, we conclude: • β adm joins the end-points of λ.
•
Suppose that β adm is a (K, ǫ) electric quasigeodesic. Note that K, ǫ depend on 'the Lipschitz constant' of Π λ and hence only on S and M .
From Property (4) above, (or Lemma 3.5) we find that if β h denote the hyperbolic geodesic in M joining the end-points of λ, then β h lies in a (uniform) C ′ neighborhood of β adm .
Let
Further, the hyperbolic geodesic β h lies outside an M 1 (N )-ball around p. Hence, by Lemma 2.1, the inclusion i : S → M extends continuously to a map i : S → M .
Since the continuous image of a compact locally connected set is locally connected (see [17] ) and the (intrinsic) boundary of S is a circle, we conclude that the limit set of S is locally connected.
This proves the theorem. 2
Closed Surface Kleinian Groups and the Main Theorem
Let us now extract from the defining properties of amalgamated geometry those conditions that are applicable to the model for simply degenerate ends constructed by Minsky in [24] . The model was proven to be bi-Lipschitz equivalent to the corresponding hyperbolic manifold by Minsky [24] and Brock-Canary-Minsky [9] .
Note: Minsky uses the term block in a sense different from ours; so we shall refer to blocks in Minsky's construction as Minsky-blocks.
Modified Model of amalgamated geometry
• Criterion 1: Interpolating embedded surfaces of bounded geometry
We need a sequence of surfaces · · · S −2 , S −1 , S 0 , S 1 , S 2 , · · · (in the case of a manifold homeomorphic to S × R), or S 0 , S 1 , S 2 , · · · (in the case of a manifold homeomorphic to S × [0, ∞)), such that the S i 's have uniformly bounded geometry, i.e. there exists a uniform lower bound on the injectivity radius and a uniform upper bound on the diameter.
The region between S i and S i+1 is required to be a topological product, and is denoted as B i .
• Criterion 2: Each B i is a block of amalgamation geometry. Further, since any homotopically non-trivial curve that lies entirely within any of the annulii or pairs of pants is bounded below in length, and also since any arc in any of the annulii or pairs of pants that is not homotopic into the boundary has length uniformly bounded below, it follows that each homotopically non-trivial simple closed curve apart from v is bounded below in length in each of S i , S i−1 . This shows that S i , S i−1 have bounded geometry.
Third, M i − T i has two components (or one component) according as v i does not (or does) separate S. Let K denote such a component. Let K denote the union of a lift of K to M i along with the bounding lifts of T i , i.e. K is an amalgamation component of M i . We want to show that K is uniformly (i.e. independent of i) quasiconvex in M . Thus we want to show global quasiconvexity. (Local quasiconvexity, i.e. quasiconvexity in M i follows easily from the uniform quasiconvexity of T i .)
To prove this, it is enough to show:
Claim: Any closed curve contained in the closure S A of an amalgamation component of S, (with amalgamation along the curve v) is realised in M within a (uniformly) bounded distance of M i .
Proof of Claim:
We first note that any amalgamation component is quasiconvex in M . Else, there exist simple closed curves whose geodesic realisations are arbitrarily far away. But these converge to a geodesic lamination. Such a lamination cannot be filling. But then M must have at least one parabolic contradicting the hypothesis. Next, by arguments that are by now standard (see, for instance Thurston [29] or Bonahon [2] ), it suffices to prove the Claim for simple closed curves.
(The essential idea is that we can take the convex hull of K and note that its boundary descends to a pleated subsurface.)
Now suppose there exists a simple closed curve σ ⊂ S A whose geodesic realisation σ r is far from M i . Clearly, σ = v. Further, σ lies in lk(v) in the curve-complex (as it is disjoint from v). Then any pleated surface whose pleating locus contains σ, v must travel far from M i . By applying GaussBonnet, this would imply that there is a bounded length curve (bounded in length by L 0 , where L 0 is the number that occurs in the construction of the hierarchy H from the sub-level set C(ρ, L 0 )) whose realisation lies far from M i . By slight abuse of notation, let σ denote this short curve.
Then, by the existence of hierarchies (as in Masur-Minsky [20] , or Lemma 5.13 of Minsky [24] ), the fact that resolutions sweep (Lemma 5.8 of Minsky [24] ), and by uniqueness of descent (Lemma 4.12 of Masur-Minsky [20] ), the solid torus corresponding to σ in the Minsky model must lie entirely within M i . This is a contradiction. Therefore σ r must lie close to M i in the Minsky model. Finally, by the main Theorem of Brock-Canary-Minsky (giving a biLipschitz homeomorphism between the hyperbolic structure and the Minsky model), σ r must lie close to M i in the hyperbolic manifold.
This proves the Claim. 2 Continuing with the proof of Proposition 7.1, we note that we have shown so far:
1. There exists a sequence of bounded geometry surfaces S i exiting the end(s) of M .
2. Each block M i (the topological product region between S i−1 , S i ) is a block of amalgamated geometry.
This proves the Proposition. 2
In fact the proof that we have given above proves the following slightly stronger theorem:
Theorem 7.2 The Minsky model is a manifold of amalgamation geometry.
The lower boundary of the first block in the amalgamation geometry structure on M shall be called S 0 .
Main Theorem
The main result of this paper follows by combining Theorem 7.2 with Theorem 6.5. Proof: When ρ is quasi-Fuchsian, this is well-known (See for instance Floyd [13] ).
When ρ is simply degenerate, we look at the convex core of M and call it M (abusing notation slightly).
Then, whether M is simply, or totally degenrate, it can be given (by Theorem 7.2), an amalgamation geometry structure with base surface S 0 . Since i(S) differs from S 0 by a bounded homotopy, we might as well assume that i(S) = S 0 .
The Theorem now is a direct consequence of Theorem 6.5. 2
Generalisation: Incompressible Boundary without Parabolics
In this Section, we combine the techniques of this paper with those of [27] or [7] (the first and second of the present series of papers) to conclude: Since the ideas of the proof are exactly the same as those of Theorem 4.7 of [27] , once Theorem 7.3 is in place, we content ourselves here with giving only a sketch.
Outline of Proof of Theorem 8.1
Step 1 Construct B λ in M as in Section 3 of [27] , or Section 4.1 of [7] . The only difference is that for an end E of amalgamation geometry, E is given the metric corresponding to the graph model as in Sections 4 and 5 of this paper.
Step 2 As in Section 3 of [27] , or Sections 4.2, 4.3 of [7] we obtain a retract Π λ onto B λ .
Step 3 Construct a 'dotted' ambient electric quasigeodesic lying on B λ by projecting some(any) ambient electric quasigeodesic onto B λ by Π λ .
Step 4 Join the dots using admissible paths as in Section 6.2 (Joining the Dots) of this paper. This results in a connected ambient electric quasigeodesic β amb .
Step 5 Construct from β amb ⊂ M an electric quasigeodesic γ without backtracking in M as in Section 6.
Step 6 Conclude that if λ lies outside large balls in S then each point of the path γ also lies outside large balls.
Step 7 Since a hyperbolic geodesic β h joining the end-points of λ must lie close to γ by Lemma 3.5, we conclude that β h lies outside large balls. Hence by Lemma 2.1 there exists a Cannon-Thurston map and the limit set is locally connected. 2
Open Problems
Te following conjecture of McMullen [21] was mentioned in the introduction:
Conjecture: (McMullen [21] ) For any hyperbolic 3-manifold N with finitely generated fundamental group, there exists a continuous, π 1 (N )-equivariant map
where the boundary ∂π 1 (N ) is constructed by scaling the metric on the Cayley graph of π 1 (N ) by the conformal factor of d(e, x) −2 , then taking the metric completion.
The two following cases need to be dealt with in order to completely solve the above conjecture:
